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Abstract
Complete suppression of the heavy quarkonium due to the screening mechanism of the quark-
gluon plasma is proposed in the literature to be a signature of the quark-gluon plasma detection at
RHIC and LHC. However, since the heavy quarkonium Υ production is experimentally measured in
the Pb-Pb collisions by the ALICE collaboration at LHC one has to study the Υ production from
the quark-gluon plasma instead of studying the Υ suppression due to the screening mechanism of
the quark-gluon plasma. In this paper we derive the non-perturbative formula of the Υ production
amplitude from the quark-gluon plasma from the first principle in QCD which can be calculated
by using the lattice QCD method at the finite temperature.
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I. INTRODUCTION
Just after 10−12 seconds of the big bang our universe was filled with a hot and dense state
of matter known as the quark-gluon plasma (QGP). The temperature of the quark-gluon
plasma is ∼ 200 MeV (∼ 1012 K) which is about million times larger than the temperature
of the sun. The quark-gluon plasma is also the densest state of the matter of the universe
just after the black hole.
The hadrons (such as proton and neutron) were formed for the first time in the universe
from this quark-gluon plasma. Note that almost all of the visible matter of the universe are
made from the protons, neutrons and electrons. Hence it is important to recreate this early
universe scenario in the laboratory, i. e., it is important to produce the quark-gluon plasma
in the laboratory.
The two experiments in the laboratory which study the production of quark-gluon plasma
are: 1) RHIC (relativistic heavy-ion colliders) and 2) LHC (large hadron colliders) [1–4]. The
RHIC (LHC) experiment involves the Au-Au (Pb-Pb) collisions at the center of mass energy
per nucleon
√
sNN = 200 GeV (5.02 TeV).
The quantum chromodynamics (QCD) [5] is the fundamental theory of the nature which
describes the interaction between quarks and gluons which are the fundamental particles
of the nature. Due to the asymptotic freedom in QCD [6] the perturbative QCD (pQCD)
can be applied to calculate the short distance (high momentum transfer) cross section at
the high energy colliders. Using the factorization theorem in QCD [7–9] the hadronic cross
section at the high energy colliders is calculated from the partonic cross section by using the
experimentally extracted parton distribution function (PDF) and the fragmentation function
(FF).
The hadron formation from quarks and gluons is a long distance phenomenon in QCD
which cannot be studied by using the pQCD. The non-perturbative QCD is necessary for
this purpose. Since the analytical solution of the non-perturbative QCD is not known yet
the lattice QCD method can be used to study the hadron formation from the quarks and
gluons.
Note that we have not directly experimentally observed the quarks and gluons. What we
experimentally observe are the hadrons. Hence we cannot directly detect the quark-gluon
plasma at RHIC and LHC. Due to this reason various indirect signatures are proposed for
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the quark-gluon plasma detection at RHIC and LHC. The indirect hadronic signatures for
the quark-gluon plasma detection at RHIC and LHC are: 1) jet quenching, 2) strangeness
enhancement and 3) heavy quarkonium suppression. We will focus on the heavy quarkonium
suppression/production signature in this paper.
The heavy quarkonium suppression as a signature of quark-gluon plasma detection was
based on the idea of Debye screening by Matsui and Satz [10]. They found that the Debye
screening length in the high temperature quark-gluon plasma is less than the heavy quako-
nium radius preventing the heavy quarkonium formation. According to this screening idea
of the quark-gluon plasma the heavy quarkonium is completely suppressed.
However, the heavy quarkonium Υ production is experimentally measured in the Pb-Pb
collisions at
√
s = 5.02 TeV by the ALICE collaboration at the LHC [11]. This implies
that the Υ is not completely suppressed due to the presence of the quark-gluon plasma as
suggested by the screening mechanism. Hence one has to study the Υ production from the
quark-gluon plasma instead of studying the Υ suppression due to the screening mechanism
of the quark-gluon plasma.
In this paper we derive the non-perturbative formula of the Υ production amplitude from
the quark-gluon plasma from the first principle in QCD which can be calculated by using
the lattice QCD method at the finite temperature.
The paper is organized as follows. In section II we describe the Υ formation from the
quarks and gluons in QCD in vacuum using the lattice QCD method. In section III we
derive the non-perturbative formula of the Υ production amplitude from the quark-gluon
plasma from the first principle in QCD which can be calculated by using the lattice QCD
method at the finite temperature. Section IV contains conclusions.
II. Υ FORMATION FROM QUARKS AND GLUONS IN QCD IN VACUUM
USING LATTICE QCD METHOD
The generating functional in QCD is given by
Z[0] =
∫
[dΨ¯U [dΨU ][dΨ¯D][dΨD][dΨ¯S][dΨS][dΨ¯C ][dΨC ][dΨ¯B][dΨB][dA]× det[δG
c
F
δωa
]
×exp[i
∫
d4x[−1
4
F bλµ(x)F
λµb(x)− 1
2α
[GbF (x)]2 + Ψ¯jU(x)[δjl(i6 ∂ −MU) + gT bjlA/b(x)]ΨlU (x)
+Ψ¯jD(x)[δ
jl(i6 ∂ −MD) + gT bjlA/b(x)]ΨlD(x) + Ψ¯jS(x)[δjl(i6 ∂ −MS) + gT bjlA/b(x)]ΨlS(x)
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+Ψ¯jC(x)[δ
jl(i6 ∂ −MC) + gT bjlA/b(x)]ΨlC(x) + Ψ¯jB(x)[δjl(i6 ∂ −MB) + gT bjlA/b(x)]ΨlB(x) (1)
where ΨKf (x) is the field of the quark of flavor f = U,D, S, C,B (= up, down, strange,
charm, bottom), the k = 1, 2, 3 is the color index, GaF(x) is the gauge fixing term, α is the
gauge fixing parameter, Aaµ(x) is the gluon field with color index a = 1, ..., 8 and Lorentz
index µ = 0.1.2.3. In eq. (1)
F bλµ(x) = ∂λA
b
ν(x)− ∂λAbν(x) + gf bscAsλ(x)Acν(x) (2)
and we do not have ghost fields because we directly work with the ghost determinant det[
δGcF
δωa
].
The partonic operator for the heavy quarkonium Υ formation is given by
OΥ(x) = Ψ¯kB(x)γµΨkB(x). (3)
The energy-momentum tensor density T λµ(x) in QCD is given by
T λµ(x) = F λδb(x)F µbδ (x) +
gλµ
4
F δδ
′b(x)F bδδ′(x) + Ψ¯
j
U(x)γ
λ[δjki∂µ − igT bjkAbµ(x)]ΨkU(x)
+Ψ¯jD(x)γ
λ[δjki∂µ − igT bjkAbµ(x)]ΨkD(x) + Ψ¯jS(x)γλ[δjki∂µ − igT bjkAbµ(x)]ΨkS(x)
+Ψ¯jC(x)γ
λ[δjki∂µ − igT bjkAbµ(x)]ΨkC(x) + Ψ¯jB(x)γλ[δjki∂µ − igT bjkAbµ(x)]ΨkB(x). (4)
From the continuity equation
∂λT
λµ(x) = 0 (5)
we find
dE(p, t)
dt
= −dES(p, t)
dt
6= 0 (6)
where E(p, t) is the energy of all the partons inside the bottomonium Υ of momentum pµ
given by
E(p, t) =< Υ(p)|
∫
d3x
∑
q,q¯,g
T 00(t,x)|Υ(p) > (7)
and ES(p, t) is the non-zero boundary term in QCD due to the confinement of quarks and
gluons inside the finite size Υ given by [see eq. (11)]
dES(p, t)
dt
=< Υ(p)|
∫
d3x
∑
q,q¯,g
∂jT
j0(t,x)|Υ(p) > 6= 0. (8)
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In eqs. (7) and (8) the |Υ(p) > is the energy-momentum eigenstate of the heavy quarkonium
Υ of momentum pµ.
The non-zero boundary term in eq. (8) can be seen as follows. We know that the
quark and gluon fields carry color but we do not observe color outside the hadron because
the hadron is colorless. This implies that the quark and gluon fields do not exist outside
the hadron. The volume of the hadron is finite. Hence the volume integral
∫
d3x in <
Υ(~p)|∑q,q¯,g ∫ d3x∂iT i0qq¯g(t,x)|Υ(~p) > in eq. (8) encloses the volume of the finite size hadron
containing the quark and gluon fields which gives non-vanishing boundary term in eq. (8).
One may argue that one may stop at distances much larger than the hadron size where the
quark and gluon fields are zero to obtain vanishing boundary term. However, this argument
is not correct which can be seen as follows.
Suppose one stops at distances much larger than the hadron size, say within a total
volume
∫
d3x =
∫
≤R
d3x+
∫
>R
d3x (9)
where
∫
≤R d
3x is the volume of the hadron which contains the non-zero quark and gluon
fields and
∫
>R d
3x is the remaining volume outside the hadron where the quark and gluon
fields are zero. Since the quark and gluon fields are zero in the volume
∫
>R d
3x we find
< Υ(~p)|∑
q,q¯,g
∫
>R
d3x∂iT
i0
qq¯g(t,x)|Υ(~p) >= 0. (10)
The boundary of
∫
d3x in eq. (9) is at a larger distance than the boundary of
∫
≤R d
3x,
i. e., the boundary of
∫
d3x in eq. (9) is at a larger distance than the boundary of the
hadron. Since the quark and gluon fields are non-zero inside the hadron and zero outside
the hadron one finds that the quark and gluon fields inside the volume
∫
d3x in eq. (9) are
not continuously differentiable near the boundary of the hadron. Hence one can not apply
the divergence theorem to such fields near the boundary of
∫
d3x in eq. (9) because the
divergence theorem is applicable to continuously differentiable function inside
∫
d3x. Since
one cannot apply the divergence theorem at the boundary of
∫
d3x one cannot prove that the
boundary term is zero. In this situation where the fields are not continuously differentiable
inside the volume
∫
d3x one has to perform the volume integration as follows.
In the volume
∫
d3x, since the fields are not continuously differentiable near the boundary
of the hadron, one has to separate the volume integral
∫
d3x into two parts as given by eq.
4
(9) where
∫
≤R d
3x is the volume of the hadron which contains the non-zero quark and gluon
fields and
∫
>R d
3x is the remaining volume outside the hadron where the quark and gluon
fields are zero. As mentioned above since the divergence theorem is not applicable to fields
which are not continuously differentiable inside the volume
∫
d3x one has to directly evaluate
the volume integral to find
< Υ(~p)|∑
q,q¯,g
∫
d3x∂iT
i0
qq¯g(t,x)|Υ(~p) >
=< Υ(~p)|∑
q,q¯,g
∫
≤R
d3x∂iT
i0
qq¯g(t,x)|Υ(~p) > + < Υ(~p)|
∑
q,q¯,g
∫
>R
d3x∂iT
i0
qq¯g(t,x)|Υ(~p) >
=< Υ(~p)|∑
q,q¯,g
∫
≤R
d3x∂iT
i0
qq¯g(t,x)|Υ(~p) > 6= 0 (11)
which proves eq. (8) where we have used eq. (10) in the second line of eq. (11).
The time evolution of the operator OΥ(t,x) is given by
OΥ(t,x) = e−iHtOΥ(0,x)eiHt (12)
where H means the QCD hamiltonian. The complete set of energy-momentum eigenstates
|Υn(p) > of the heavy quarkonium Υ of momentum pµ is given by
∑
n
|Υn(p) >< Υn(p)| = 1. (13)
The two-point non-perturbative correlation function of the type < 0|O†Υ(t′,x′)OΥ(0)|0 > in
QCD is given by
< 0|O†Υ(t′,x′)OΥ(0)|0 >=
1
Z[0]
∫
[dΨ¯U [dΨU ][dΨ¯D][dΨD][dΨ¯S][dΨS][dΨ¯C ][dΨC ][dΨ¯B][dΨB][dA]
×O†Υ(t′,x′)OΥ(0)× det[
δGcF
δωa
]
×exp[i
∫
d4x[−1
4
F bλµ(x)F
λµb(x)− 1
2α
[GbF(x)]2 + Ψ¯jU(x)[δjl(i6 ∂ −MU) + gT bjlA/b(x)]ΨlU(x)
+Ψ¯jD(x)[δ
jl(i6 ∂ −MD) + gT bjlA/b(x)]ΨlD(x) + Ψ¯jS(x)[δjl(i6 ∂ −MS) + gT bjlA/b(x)]ΨlS(x)
+Ψ¯jC(x)[δ
jl(i6 ∂ −MC) + gT bjlA/b(x)]ΨlC(x) + Ψ¯jB(x)[δjl(i6 ∂ −MB) + gT bjlA/b(x)]ΨlB(x) (14)
where |0 > is the vacuum state of the non-perturbative QCD (not the vacuum state of the
pQCD).
Using eqs. (12) and (13) in eq. (14) we find in the Euclidean time
∑
x′
eip·x
′
< 0|O†Υ(t′,x′)OΥ(0)|0 >=
∑
l
| < Υl(p)|OΥ|0 > |2e−
∫
dt′El(p,t
′) (15)
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where
∫
dt′ is an indefinite integration, El(p, t) is the energy of all the quarks and gluons
inside the bottomonium Υ of momentum pµ in its lth energy level state.
Neglecting the higher energy level contributions in the asymptotic large time limit t′ →∞
we find
[
∑
x′
eip·x
′
< 0|O†Υ(t′,x′)OΥ(0)|0 >]t′→∞ = | < Υ(p)|OΥ|0 > |2e−
∫
dt′E(p,t′) (16)
where
|Υ(p) >= |Υ(p) >, E0(p, t) = E(p, t). (17)
From eqs. (6) and (8) we find
d
dt
[E(p, t) + ES(p, t)] = 0 (18)
which gives
EΥ(p) = E(p, t) + ES(p, t) (19)
where EΥ(p) is the conserved [time independent] energy of the bottomonium Υ of momentum
pµ, the E(p, t) is the energy of all the partons inside the bottomonium Υ of momentum pµ
given by eq. (7) and ES(p, t) is the non-zero boundary term in QCD due to the confinement
of quarks and gluons inside the finite size Υ given by eq. (8).
As mentioned above since we do not directly experimentally observe the quarks and
gluons we do not directly experimentally observe the energy E(p, t) of the partons given by
eq. (7) and we do not directly experimentally observe the non-zero boundary term (the non-
zero energy flow) ES(p, t) of the partons in QCD in eq. (8) but we directly experimentally
observe the energy EΥ(p) of the hadron Υ in eq. (19). Hence the the non-zero boundary
term (the non-zero energy flow) ES(p, t) of the partons in QCD contributes to the energy
EΥ(p) of the hadron Υ which we experimentally observe.
Similar to the derivation of eq. (16) we find from eq. (8) that
dES(p, t)
dt
= [
∑
x′ e
ip·x′ < 0|O†Υ(t′,x′)[
∑
q,q¯,g
∫
d3x∂jT
j0(t,x)]OΥ(0)|0 >∑
x′ e
ip·x′ < 0|O†Υ(t′,x′)OΥ(0)|0 >
]t′→∞. (20)
Using eqs. (19) and (20) in eq. (16) we find
| < Υ(p)|OΥ|0 > |2 = [
∑
x e
ip·x < 0|O†Υ(t,x)OΥ(0)|0 > etEΥ(p)
e
∫
dt[
∑
x′
eip·x
′
<0|O
†
Υ
(t′,x′)[
∑
q,q¯,g
∫
dt
∫
d3x∂jT
j0(t,x)]OΥ(0)|0>∑
x′
eip·x
′
<0|O
†
Υ
(t′,x′)OΥ(0)|0>
]t′→∞
]t→∞(21)
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which is the non-perturbative formula to study the bottomonium Υ formation from the
quarks and gluons in QCD in vacuum from the first principle which can be calculated by
using the lattice QCD method.
III. Υ PRODUCTION FROM QUARK-GLUON PLASMA USING LATTICE QCD
METHOD AT FINITE TEMPERATURE
The generating functional in QCD at the finite temperature T is given by
Z[0] =
∫
[dΨ¯U [dΨU ][dΨ¯D][dΨD][dΨ¯S][dΨS][dΨ¯C ][dΨC][dΨ¯B][dΨB][dA]× det[δG
c
F
δωa
]× exp[−
∫ 1/T
0
dτ
∫
d3x[−1
4
F bλµ(τ,x)F
λµb(τ,x)− 1
2α
[GbF (τ,x)]2 + Ψ¯jU(τ,x)[δjl(i6 ∂ −MU) + gT bjlA/b(τ,x)]ΨlU(τ,x)
+Ψ¯jD(τ,x)[δ
jl(i6 ∂ −MD) + gT bjlA/b(τ,x)]ΨlD(τ,x) + Ψ¯jS(τ,x)[δjl(i6 ∂ −MS) + gT bjlA/b(τ,x)]ΨlS(τ,x)
+Ψ¯jC(τ,x)[δ
jl(i6 ∂ −MC) + gT bjlA/b(τ,x)]ΨlC(τ,x) + Ψ¯jB(τ,x)[δjl(i6 ∂ −MB) + gT bjlA/b(τ,x)]ΨlB(τ,x)
(22)
where the quark field satisfies the anti-periodic boundary condition and the gluon field
satisfies the periodic boundary condition
Ψk(τ,x) = −Ψk(τ + 1
T
,x), Abλ(τ,x) = A
b
λ(τ +
1
T
,x). (23)
The two-point non-perturbative correlation function of the type < in|O†Υ(τ ′,x′)OΥ(0)|in >
in QCD at the finite temperature T is given by
< in|O†Υ(τ ′,x′)OΥ(0)|in >=
1
Z[0]
∫
[dΨ¯U [dΨU ][dΨ¯D][dΨD][dΨ¯S][dΨS][dΨ¯C ][dΨC ][dΨ¯B][dΨB][dA]
×O†Υ(τ ′,x′)OΥ(0)× det[
δGcF
δωa
]× exp[−
∫ 1/T
0
dτ
∫
d3x[−1
4
F bλµ(τ,x)F
λµb(τ,x)− 1
2α
[GbF(τ,x)]2
+Ψ¯jU(τ,x)[δ
jl(i6 ∂ −MU) + gT bjlA/b(τ,x)]ΨlU(τ,x) + Ψ¯jD(τ,x)[δjl(i6 ∂ −MD) + gT bjlA/b(τ,x)]ΨlD(τ,x)
+Ψ¯jS(τ,x)[δ
jl(i6 ∂ −MS) + gT bjlA/b(τ,x)]ΨlS(τ,x) + Ψ¯jC(τ,x)[δjl(i6 ∂ −MC) + gT bjlA/b(τ,x)]ΨlC(τ,x)
+Ψ¯jB(τ,x)[δ
jl(i6 ∂ −MB) + gT bjlA/b(τ,x)]ΨlB(τ,x) (24)
where |in > is the ground state of the non-perturbative QCD at the finite temperature T
(not the ground state of the pQCD at the finite temperature T ).
Unlike
< 0|H = 0 (25)
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in QCD in vacuum, since
< in|H 6= 0 (26)
in the finite temperature QCD we find by using eqs. (12) and (13) in eq. (24) in the
Euclidean time that
∑
x′
eip·x
′
< in|e−Hτ ′O†Υ(τ ′,x′)OΥ(0)|in >=
∑
l
| < Υl(p)|OΥ|in > |2e−
∫
dτ ′El(p,τ
′) (27)
where
∫
dτ ′ is an indefinite integration. Using eq. (12) in (27) we find
∑
x′
eip·x
′
< in|O†Υ(0,x′)e−Hτ
′OΥ(0)|in >=
∑
l
| < Υl(p)|OΥ|in > |2e−
∫
dτ ′El(p,τ
′). (28)
Note that the bottomonium Υ is a hadron which belongs to the confinement phase of
QCD whereas the quark-gluon plasma belongs to the de-confinement phase of QCD. Hence
the bottomonium Υ cannot be formed inside the quark-gluon plasma medium but the bot-
tomonium Υ is formed outside the quark-gluon plasma medium, i. e., the bottomonium Υ
is formed in the vacuum. This implies that the τ ′ →∞ can be taken in eq. (28) even if the
upper limit of τ in eq. (22) is 1
T
.
This is correct because the upper limit of τ = 1
T
in eq. (22) corresponds to the fact
that the in-state is equal to the out-state where the in-state is for the quarks/gluons at the
finite temperature. However, the limit τ ′ → ∞ in eq. (28) corresponds to the fact that
the in-state is not equal to the out-state where the in-state is for the quarks/gluons at the
finite temperature but the out-state is for the hadron which is formed in vacuum because
the hadron cannot be formed inside the quark-gluon plasma. Hence the τ ′ → ∞ can be
taken in eq. (28) even if the upper limit of τ in eq. (22) is 1
T
.
This implies that we can take the asymptotic large time limit τ ′ → ∞ in eq. (28) to
neglect the higher energy level contributions to find
[
∑
x′
eip·x
′
< in|O†Υ(0,x′)e−Hτ
′OΥ(0)|in >]τ ′→∞ = | < Υ(p)|OΥ|in > |2e−
∫
dτ ′E(p,τ ′).
(29)
Since the bottomonium Υ is formed in vacuum we use eqs. (19) and (20) in eq. (29) to find
| < Υ(p)|OΥ|in > |2 = [
∑
x′ e
ip·x′ < in|O†Υ(0,x′)e−Hτ ′OΥ(0)|in > ×eτ ′EΥ(p)
e
∫
dτ ′[
∑
x′′
eip·x
′′
<in|O
†
Υ
(τ ′′,x′′)[
∑
q,q¯,g
∫
dτ ′
∫
d3x′∂jT
j0(τ ′,x′)]OΥ(0)|in>∑
x′′
eip·x
′′
<in|O
†
Υ
(τ ′′,x′′)OΥ(0)|in>
]τ ′′→∞
]τ ′→∞
(30)
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which is the non-perturbative formula of the bottomonium Υ production amplitude from
the quark-gluon plasma derived from the first principle in QCD which can be calculated by
using the lattice QCD method at the finite temperature.
IV. CONCLUSIONS
Complete suppression of the heavy quarkonium due to the screening mechanism of the
quark-gluon plasma is proposed in the literature to be a signature of the quark-gluon plasma
detection at RHIC and LHC. However, since the heavy quarkonium Υ production is exper-
imentally measured in the Pb-Pb collisions by the ALICE collaboration at LHC one has to
study the Υ production from the quark-gluon plasma instead of studying the Υ suppression
due to the screening mechanism of the quark-gluon plasma. In this paper we have derived
the non-perturbative formula of the Υ production amplitude from the quark-gluon plasma
from the first principle in QCD which can be calculated by using the lattice QCD method
at the finite temperature.
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